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CaMono,a;o6Hbie cJ)yHKu;HH b npocTpaHCTBe 1] h 3a^ana 
IIlTypMa-JlnyEHjijia c cimryjiapHbiM HH^ecJ)HHHTHbiM 

BecoM 

A. A. BjiafliiMiipoB, II . A. LUeiinaK 
AHHOTAUHa. B CTaTbe nsy^aeTCH Bonpoc 06 araiMiiTOTHKe cneKTpa rpaHH^Hoii sa^aiH 



in 
o 

O ; -y" - Xpy = 0, 

y(Q) = y(l) = 0, 



r^,e p ecTb (pyHKinra H3 npocTpaHCTBa W% [0, 1], HMeiomafl apncpMeTH^ecKH caMono,n,o6Hyio 
nepBoo6pa3Hyio. ITpn stom Tpe6oBaHne 3HaKoonpe,a;ejieHHOCTH Ha Bee p He HaKjia^MBaeTca. 
IlojiyHeHHbie TeopeTHHecKne pe3yjibTaTM HjuiiocTpHpyioTCfl ^aHHbiMH ^HcneHHbix pac^eTOB. 

< 

^ ' 1. BBe^eHne 

PaccMOTpriM rpaHHHHyio 3a,a,aHy 

(1.1) -y" - Apy = 0, 

(1.2) y(0) = y(l) = 0. 

Xoponio H3BecTHO, hto ecjin Bee p nprma^JiOKHT npocTpaHCTBy C[0, 1] 11 nojicoKHTejieH, 
to rpaHHHHaa 3a,a,ana (II. 1)1 . (I1.2jl SKBHBajieHTHa cneKTpajibHon 3a,a,ane ,o,Jia HeKOToporo 
HeorpaHnneHHoro caMOConpa>KeHHoro onepaTopa b rnjib6epTOBOM npocTpaHCTBe L2QO, 1]; p). 
TaKJKe H3BecTHO, hto ecjin Bee p G C[0, 1] He aBJiaeTca 3HaKOonpe,a;ejieHHbiM, 
to 3a^aHa 1)1.1)1 . (|1.2|) SKBiiBajieHTHa cneicrpajibHOH 3a^aHe ^Jia HeorpaHnneHHoro 
^ ■ caMoeonpajKeHHoro onepaTopa b npocTpaHCTBe Kpeima (cm. [lj). 

CHTyanna, Kor^a Bee p npeflCTaBJiaeT co6oh cnHryjiapHyio o6o6meHHyio cpyHKnnio, H3yneHa 
cymecTBeHHO xyace. Bojiee Toro, b HacToamee BpeMa ,a;jia TaKoii 3a^anH HeT ^ajKe KaHOHnnecKon 
onepaTopHOH Mo^ejin. B H3BecTHbix aBTopaM pa6oTax no yKa3aHHon npoGjieMaraKe j2] n [3 J 
npe^jio>KeHbi ,a,Be pa3JinnHbie (xoTa h OKasbiBaiomneca BKBHBajieHTHbiMn) HHTepnpeTannH 
3aflanH (jl.ljl . (11.21) c CHHryjiapHbiM BecoM p, npnTOM tojibko ,a,Jia cjiynaa, Kor^a p 
HeoTpHn,aTejieH (to ecTb npe,a,CTaBjiaeT coSoh Mepy). Cjiynaii, Kor^a BecoBaa cpyHKnna He 
aBJiaeTca 3HaKOonpeflejieHHOH, bh^hmo, He nccjieflOBajica BOBce. 

MejK^y TeM, pa3pa6aTbiBaeiviaa b HacToamee BpeMa Teopna onepaTopoB IIlTypMa- 
JlnyBHJiJia c CHHryjiapHbiMH noTeHnnajiaMH (cm., HanpHMep, [4]) no3BOJiaeT ecTecTBeHHbiM 
o6pa30M CBa3biBaTb c 3a^;aaeH 1)1. lj) . ()1.2)) jiHHeimbin nyaoK orpaHnneHHbix onepaTopoB b 

o 

tom BecbMa oSmeM cjiynae, Kor^a p ecTb npon3BOJibHbin sjieMeHT npocTpaHCTBa [0, 1] 
(noflpo6HOCTH cm. b naparpacpe @J. Taxon nynox mojkct SbiTb nocTpoeH ,a,a>Ke Tor^a, 
Kor^a BMecTO — y" b jicboh nacra paBeHCTBa 1)1.1)1 ctoht npon3BOJibHoe nojiyorpaHHneHHoe 
^H(p(pepeHii;HajibHoe Bbipa>KeHHe BToporo nopa^Ka (xoTa b HacToamen pa6oTe mm h 
orpaHHHHBaeMca paccMOTpeHneM BbipajKeHna —y"). A 713 nccjieflOBaHna cneKTpa TaKoro nynKa 



Pa6oTa ncvmepjicaHa P<3><3>H, rpaHT JV a 04-01-00712, h (pOH,n;oM no/mepjKKH BeflymHx HayHHbix hikoji, 
rpam HHI-1927.2003.1. 
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0Ka3biBaeTca bo3mojkhmm npHBJieaeHne BapnaHHOHHOH TexHiiKii H3 pa6oTbi [5j (cm. ^ajiee 
TeopeMy I4.1jl . IIoBTOMy npnHHHnnajibHbix TpyirnocTen paccMOTpemie 3a,a,aHH (II. 1J) . (11.2j) c 

o 

BecoBOH (pyHKirneH p G W / ^" 1 [0, 1] Ha caMOM ^ejie He npeflCTaBJiaeT. 

Topa3^;o cepbe3Hee OKa3biBaiOTca TpynriocTH TexHHaecKne. B otjihhhc ot peryjiapHoro 

o 

cjiyaaa p G C[0, 1], b o6meM cjiyaae p G W^T [0, 1] ^aace nopa^OK acHMnTOTHKH 
cneKTpa 3a,a,aHH p.ljl . (I1.2JI 3aBHCHT ot BbiSopa BecoBOH (pyHKirnn (cm., HanpHMep, [3j). 
IlosTOMy fljia ycTaHOBJieHHa TaKHx acHMnTOTHK HeoSxo^HMO npHBJieKaTb ^onojiHHTejibHyio 
HH(popMan;Hio o CTpyKType BecoBOH (pyHKirnn p. Mm 6y^eM npe^nojiaraTb, hto p npeflCTaBJiaeT 
co6oh o6o6meHHyio npoH3BO^Hyio caMonododnou KBa^paTHHHO cyMMnpyeMoii (pyHKirnn — 
nopa^OK acHMnTOTHKH 6y^eT Tor^a onpe^ejiaTbca napaMeTpaMH caMono,a;o6Ha. TaKHM 
o6pa30M, HeKOTopbie pe3yjibTaTbi HacToamen CTaTbH mcokho paccMaTpnBaTb KaK o6o6ineHnn 
yTBepjK^eHHH H3 pa6oTbi [3] Ha Sojiee ninpoKnii Kjiacc BecoBbix (pyHKirnn. 

B pa6oTe [3j ,a,Jia BbiBO,zra cneKTpajibHbix acHMnTOTHK 6bijia Hcnojib30BaHa Teopna 
BoccTaHOBjieHHa. B HacToamen CTaTbe 6yp,ei npnMeHeHa 3Ta me TexHHKa b ee HecKOJibKO 
pacninpeHHOM BapnaHTe (npn nccjieflOBaHHH HeKOTopbix HHflecpHHHTHbix 3a^;an bmccto 
o6biHHoro ypaBHeHHH BoccTaHOBjieHHa B03HHKaeT ero „flByMepHbiH" aHajior). 

3acjiyjKHBaeT ynoMHHaHna cjie,u;yioiHee OTJinane HHflecpHHHTHoro cjiyaaa ot ^ecpHHHTHoro. 
JJ,Jin 3a^aaH co 3HaKOonpe^ejieHHbiM bccom H3BecTHa acHMnTOTHaecKaa oneHKa 

(i.3) i = (i) npH n ^ 00 

(cm. O (11.7)], [3, (3)]). H3BecT€H TaK>Ke pa^ pe3yjibTaTOB (cm. ccmjikh b |3j), yTOHHaioinHx 9Ty 
on,eHKy b 3aBHCHMOCTH ot Hajinana y o6o6m,eHHOH nepBoo6pa3HOH Beca p HeHyjieBofi a6cojiiOTHO 
HenpepbiBHoii cocTaBjimomen. J\jin HH^ecpHHHTHoro cjiyaaa cooTBeTCTByiomaa npo6jieMaTHKa 
TepaeT cmmcji, TaK KaK oueHKa (|1.3j) onpoBepraeTca Ha npHMepax. ,HeHCTBHTejibHO, oneHKa (|1.3|l 
HMeeT MecTO ,ztjih Tex h TOJibKO Tex BecoBbix (pyHKirnn, y kotopmx cneKTpajibHbin nopaflOK 
o6o6ineHHon nepBOo6pa3Hoii (cm. naparpacp 03) He npeBoexo^HT 1. OflHaKO ^Jia npoH3BOJibHoii 
(hcmohotohhoh) caMono^o6HOH (pyHKirnn H3 npocTpaHCTBa L 2 [0, 1] cneKTpajibHbiM nopa^KOM 
MOJKeT SbiTb jiio6oe hhcjio, MeHbHiee aeM 2 (cm. jieMMv l3~2l h vTBepacneHne l5?lj) . 

CipyKTypa CTaTbH TaKOBa. B naparpacpe [2] ^aeTca ^OKa3aTejibCTBO OflHoro aacTHoro 
cjiyaaa TeopeMbi BoccTaHOBjieHHa h ee ,a,ByMepHoro aHajiora. Ilpn btom Hcnojib3yeTca 
MO^,H(pHKan,Ha MeTO^a H3 paSoTbi [6j. B naparpacpe 01 oaepaHBaiOTca KOHTypbi Teopnn 
caMonoflo6Hbix (pyHKirnii b npocTpaHCTBe L%[0, 1]. B naparpacpe 0] nccjie,zryiOTcn cneKTpajibHbie 
CBOiicTBa OTBeaaioinero 3a^;aae (|1.1|) . ()1.2|) onepaTopHoro nyaKa. ,Hjih cjiyaaa, Kor^a 
BecoBaa (pyHKirna p OKa3biBaeTca o6o6ru;eHHOH npoH3BOflHofl apncpMeTnaecKn caMono^o6HOH 
(pyHKirnn nojio>KHTejibHoro cneKTpajibHoro nopa^Ka, BbinncbiBaiOTca acHMnTOTHKH cneKTpa 
(cjiyaan HeapncpMeTHaecKoro caMonoflo6na 6y^eT pa3o6paH b cjie,zryioiii;eH CTaTbe). HaKOHen,, 
b naparpacpe El nojiyaeHHbie pe3yjibTaTbi njunocTpnpyiOTcn Ha npnMepax, b tom ancjie 
npnBO^aTca ,zraHHbie ancjieHHbix pacaeTOB. 

2. TeopeMti BoccTaHOBjieHHa 

BBe^eM b paccMOTpeHne 6aHaxoBbi npocTpaHCTBa t\^ r , r^e r G M + , sjieMeHTaMn kotopmx 
aBJiaiOTca nocjie^OBaTejibHOCTH 9 = {0k}^ =0 , orpaHHaeHHbie no HopMe 

oo 
k=0 



]lpoH3BOJibHOMy 3JieivieHTy 6 G l\^ r mojkho conocTaBHTb onpe^ejieHHyio Ha Kpyre {w \ \w\ < r} 
aHajiHTH^ecKyio cpyHKipiio Biyja 

oo 
k=0 

B flajibHennieM G SyijeT Ha3biBaTbca npouseodau^eu aiyHKU,ueu BeKTopa 9. 

JlEMMA 2.1. Ilycmb (fiuKcupoeanu npou360Abnue r < 1 u R > 1. Ilycmb maKcnce na6op 
Heompuu,ameAbnux nuceA {uk}^ =i manoe, nmo 

N 
k=l 

npuneM nau6oAbiuuu o6m i uu deAumeAb HOMepoe k, 3ah nomopux cnpaeedAueo nepaeencmeo 
Uk > 0, paeen 1. Tozda 3aji ak>6oso x G i^R cyu^ecmeyem u eduncmeenno pemenue z G t\^ r 
cucmeMU 

min(N,n) 

Vn G {0,1,2,...} z n = x n + 

k=l 

IJpu amoM Koopdunamu eeKmopa z ydoeAemeopnwm oyenKe 

Vn G {0,1,2, ...} Zn ~~j ^ INK* ' G ™ 

zde 6ecKoneHHO mclaclh nocAedoeameAbnocmb {Ck}^ =0 ne 3aeucum om eu6opa x, a eeAununu 
oo u J onpedeAeHU paeencmeajuu 

oo 

U) = ^X k 
k=0 

U 

N 



J = ku k . 



k=l 

J^JIH flOKa3aTejIbCTBa JieMMbI 12.11 flOCTaTOHHO BOCnpOH3BeCTH, C He3HaHHTejIbHbIMH 

H3M6H6HiiaMH, paccyac^eHiia H3 ^OKa3aTejibCTBa jieMMbi [6, Lemma A.l]. 

JlEMMA 2.2. Ilycmb Qiuncupoeanu npou3eoAbnue r < 1 u R > 1. Ilycmb na6opu 
ueompuu i ameAbnux nuceA {uk\ k= i u {vk]k=\ manoeu, nmo 

N N 
k=l k=l 

npuneM nau6oAbmuu o6uj i uu deAumeAb HOMepoe k, 3ah nomopux cnpaeedAueo Hepaeeucmeo 
Uk + v k > 0, paeen 1. Ilycmb maKcnce naudemcsi au6o neuemnoe k ^ N co ceoucmeoM u k > 0, 
au6o nemnoe k ^ N co ceoucmeoM v k > 0. Tosda 3am aw6ux Xj G £i,r, zde j = 1,2, 
cymecmeyem u eduncmeenna napa Zj G l\, r pemenuu cucmeMU 

min(A r ,n) 

Wn G {0, 1,2,.. .} Z jtn = X j:n + ^ (UkZj,n-k+VkZ 3 -j,n-k), J = 1,2. 

k=l 



IIpu amoM Koopdunamu eeKmopoe Zj, zde j = 1,2, ydoeAemeopmom oi^eHKe 

(2.1) VnG {0,1,2,...} \ Zj , n - j\ + \\x2\\t llR ) ■ C n , j = 1,2, 

sde 6ecKoneHHO mclaclh nocAedoeameAbHocmb {Ck}^L ne 3aeucum om eu6opa Xj, a eeAununu 
uj u J onpedeAenu paeencmeaMU 

1 x 

(2.2) oj = -^2{x ljk + x 2 , k ) 

k=0 

U 

N 

(2.3) J = ^k{u k + v k ). 

k=l 

,IJOKA3ATEJlbCTBO. Ulaz 1. 06o3HaHHM nepe3 U h V MHoronjieHbi 

N 



k=l 
N 



k=l 



H3 ycjiOBHH jieMMbi BbiTexaeT, hto MHoronjieH 1 — U — V hmggt b Kpyre {w \ \w\ 1} 
g^hhctbghhbih, npii^eM npocToii, Hyjib w — 1. TeM caMbiM paccMaTpiiBaeMbiii MHoro^JieH 
MO>KeT 6biTb npe^CTaBjieH b BH^e (1 — w) ■ Q(w), r^e Q ecTb MHoronjieH Bn,n,a 



N-l / N \ 
n=0 \fc=n+l / 



W . 



B cbok) onepe^b, Q mojkgt 6biTb npe^CTaBJieH b Bime (1 — w)- P(w) + J, r,n;e P ecTb HeKOTopbin 
MHoro^JieH, a nocTOHHHaa J = Q(l) onpe^ejieHa paBeHCTBOM (12. 3 J) . 

H3 ycjiOBHH JieMMbi BbiTexaeT TaKJKe, ^to npii jiio6om w, y,a,OBjieTBopfliomeM HepaBeHCTBy 
\w\ ^ 1, cnpaBe,a,jinBO HepaBeHCTBO 

\U(w)-V(w)\ < 1. 

06T>e,i],HHafl 3tot (paKT co CKa3aHHbiM paHee, nojiy^aeM, *ito npii HeKOTopoM R G (1, R) Kpyr 
{w I \w\ < R} CBo6o^,eH ot Hyjieii MHoronjieHOB Q h 1 — U + V. 

UIaz 2. npoH3BOflaiii,He (pyHKn,nn Xj h Zj, r^e j = 1,2, BeKTopoB Xj 11 Zj ,a,oji>KHbi 
nofl^HHaTbca paBeHCTBaM 

Zj = X 3 + UZj + VZz-j, j = 1, 2, 
H3 KOTopbix Heivie^jieHHO BbiTeKaiOT paBeHCTBa 

X\ -\- X2 Xj — X^^j . 

{2A) Z i = 2(1-U-V) + 2(i-u + vy 3=1 

IlocjieflHHe paBeHCTBa ,n;oKa3biBaiOT (paKT cymecTBOBaHiia 11 e^niHCTBeHHOCTii napbi pemeHiiH 
Zj, r^e j = 1,2. 
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^ajiee, paBeHCTBa ()2.4|1 03HanaiOT, hto npn jiio6om w h3 o6jiacTH onpeflejieHHa (pyHKHiift 
Zj cnpaBe^jiHBbi paBeHCTBa 

'(X 1 (w) - X 1 (l)) + (X 2 (w) - X 2 (l)) 



z (w) - Mi) + x 2 (i) 

Z 3 [W) - 2J(l-w) + 



2J{l-w) 

P{w) ■ {X 1 {w) + X 2 (w)) Xj{w) - X 3 -iM 



2JQ(w) 2(1 -U(w) + V(w))_ 

Cjiaraeivioe H3 npaBofi nacTH, 3aKJnoHeHHoe b KBa^paTHbie cko6kh, npe^CTaBJiaeT co6oh 
aHajiHTHnecKyio (pyHKHHio b Kpyre {w \ \w\ < R}. IIpHMeHaa k stoh (pyHKHHH HepaBeHCTBa 
Kohih, y6eacflaeMCH, hto ee K03(p(pHH,HeHTbi MaxjiopeHa Ck, r^e k = 0, 1, 2, . . ., yflOBjieTBopaiOT 
on,eHKe 

Vfce {0,1,2,...} |c fc |<C fc (|| 

X l Ikl.fl + ll^l^i 

r^;e SecKOHenHO Majiaa nocjie^OBaTejibHOCTb {Ca;}£L He 3aBHCHT ot Bbi6opa Xj. IIocKOJibKy 
K03(p(pHn,HeHTbi MaKjiopeHa cpyHKipiii 

X 1 (l)+X 2 (l) 
2J(1 - iu) 

TOJK^ecTBeHHO paBHbi u/J, r^e nocTOHHHaa ui onpe^ejieHa paBeHCTBOM (|2.2(1 . to TeM caMbiM 
HepaBeHCTBa (12.1 J) cnpaBefljiHBbi. JleMMa flOKa3aHa. □ 

JleMMbi 12.11 h 12.21 no3BOJiHK)T flOKa3aTb cjie^yiomHe TeopeMbi BoccTaHOBjieHna c ohchkoh 
ocTaTKa. 

TEOPEMA 2.1. Ilycmb (puKcupoeano npou3&OAbHoe noAowcumeAbHoe eev^ecmeeHHoe hucao 
t. Ilycmb manatee na6op neompuyameAbHux uuceA {u^}^ =1 maKoe, nmo 

N 

k=l 

npuneM Hau6oAbmuu o6\u i uu deAumeAb HOMepoe k, 3am nomopux cnpaeedAueo Hepaeencmeo 
Uk > 0, paeen 1. HaKonev;, nycmb Henpepuenan na K cfiyHKi^usi X ydoeAemeopnem ycAoeuuM 

Vt G R + \X(t)\ < Ue- T \ 

Vt e K~ x(t) = o, 

zde II > 0. Tozda cymecmeyem u eduHcmeeHHa Henpepuenan na K $yHK'u ) usi Z, 
ydoeAemeopHwu^aH ypaenenusiM 

N 

VtGM+ Z(t) = X(t) + ^u k Z(t- k), 

k=l 

Vt G IT Z(t) = 0. 

IIpu amoM 3am c^yHKi^uu Z cnpaeedAuea oi^eHKa 

\/teR + |Z(t)-a(t)| <II-C(t), 

zde ucHe3atomaM na 6ecKOHeuHocmu cfjyHKi^UM C ne 3aeucum om eu6opa (fiyuKnuu X, a 
HenpepueHCLH l-nepuodunecKan (jjyHKi^un s UMeem eud 



-, +oc 

Vt G R s(t) = - X(t-k). 



3 \ 

k=—oo 



Hepes J 3decb o6o3HaueHa eejiuuuHa 

N 

j = ^2 / ku k . 

fc=i 

TEOPEMA 2.2. Ilycmb (puKcupoeano npou360AbHoe noAocucumeAbHoe eemecmeeHHoe hucao 
t. Ilycmb ua6opu ueompuyameAbHux uuceA {u k } k= i u {v k } k=1 manoeu, urno 

N N 
k=l k=l 

npuneM Hau6oAbwuu o6w l uu deAumeAb HOMepoe k, 3aa nomopux cnpaeedAueo nepaeeHcmeo 
Uk + v k > 0, paeen 1. Ilycmb maKotce naudemcA au6o Henemnoe k ^ N co ceoucmeoM u k > 0, 
au6o Hemnoe k ^ iV co ceoucmeoM v k > 0. Hanoney, nycmb Henpepuenue na R (pyHKyuu Xj, 
zde j = 1, 2, ydoeAemeopHwm ycAoeuMM 

Vt G R + \Xj(t)\ < Tlje- Tt , 

Vt G R~ X^t) = 0. 

3decb Uj, sde j = 1,2, — noAOMCumeAbnue hucaci. Tozda cyiyecmeyem u eduHcmeeHHa napa 
nenpepuenux na R (pyHKyuu Zj, sde j = 1,2, ydoeAemeopMioiyaM ypaenenuAM 

N 

Vt G R + Zj (t ) = Xj (t ) + ( u k Zj {t - k) + v k Z^j (t-k)), 

k=l 

Vt G R - Zj{t) = 0. 
ilpu amoM 8ah cfiyHKyuu Zj, sde j = 1, 2, cnpaeedAueu oyeHKU 

vt g r + \Zj(t) - s(t)\ < (ni + n 2 ) • c(t), 

zde ucuesawvuaA na 6ecKOHeuHocmu cfiyHKyusi C ne 3aeucum om eu6opa (fiyHKyuil Xj, zde 
j = 1,2, a nenpepuenaM 1-nepuoduuecKan (fyyHKyun s UMeem eud 

Vt G R s{t) = — " k ) + X 2(t - k)) . 

k=—oo 

Hepe3 J 3decb o6o3HaueHa eeAununa 

N 

J =} j k(u k + v k ). 
k=l 

^OKASATEJlbCTBO TEOPEMbI I2.2L 3a(piiKCiipyeM npoH3BOJibHoe R G (l,e r ). Tor^a npri 
jiio6om t G [0, 1) nocjieflOBaTejibHOCTH Xj(t) = {^j,fe(0}fc=0i r ^ e 3 = 1 5 2, Biyja 

Vfce {0,1,2,...} x i>fc (t) = X,-(t + fc), j = 1,2, 

npHHa^Jie>KaT npocTpaHCTBy 1\,r. Ilpn stom paBHOMepHO no t G [0, 1) cnpaBeflJiiiBbi ou,ghkh 

IlycTb Tenepb {CaJ^Iq — nocjie^OBaTejibHOCTb H3 .tommm l2~2l 3a(piiKCiipyeM HCHe3aiomyio 
Ha SecKOHe^HOCTH HenpepbiBHyio (pyHKunio C, y^OBJieTBopaioinyio ycjiOBHio 

Vt G R + C(t) > — — , 
W 1 - i?e~ T ' 
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r,ne nepe3 [t] o6o3HaneHa uejiaa nacTb Hiicjia t. YTBepjKfleHHe TeopeMbi Tenepb jierKO 
nojiynaeTca b pe3yjibTaTe npHMeHeHPia jieMMbi[22]K nocjie^OBaTejibHOCTaM Zj(t) = {zj : k(t)}^L , 

Tflfi j = 1,2, BHfla 

Vke {0,1,2,...} z j , k (t) = Z j {t + k), 
r#ete[0,l). □ 

TeopeMa[23flOKa3biBaeTca aHajiorn*mo TeopeMe l2.2l c TeM otjih^hcm, *ito bmgcto jrcMMbi T2 . 21 
Hcnojib3yeTca jieMMa l2~Tl 



3. CaMono^;o6Hi>ie (pyHKipra b npocTpaHCTBe L 2 [0, 1] 

3.1. OnepaTopu no,a;o6ii5i b npocTpaHCTBe L 2 [0, 1]. IlycTb cpiiKCiipoBaHO HaTypajibHoe 
hhcjio n > 1, h nycTb BenxecTBeHHbie HHCJia a k > 0, d k h fa, r^e /c = 1, . . . , n, TaKOBbi, hto 

n 

y^Qife = i. 
fe=i 

^aHHOMy Ha6opy Mnceji mojkho nocTaBHTb b cooTBeTCTBiie HenpepbiBHbifi HejiiiHeftHbifi 
onepaTop G : L 2 [0, 1] — ► L 2 [0, 1] BH^a 

n 

(3-1) = 5^ {fa ■ Xia k , ak+l) + 4 • G k (f)} , 

fc=i 

r,n;e Hcnojib30BaHbi cjieflyiomne oSosHaneHiia: 

(1) ^epe3 a k , r^e k = 1,2, ...,n + 1, o6o3HaneHbi *iHCJia «i = h = Xw=i a ^ r ^ e 
fc = 2,...,n + l; 

(2) nepe3 xr, r^e T — HHTepBaji, o6o3HaHeHa xapaKTepncTiinecKaa cpyHKinia HHTepBajia 
T, paccMaTpHBaeiviaa KaK sjieMeHT npocTpaHCTBa L 2 [0, 1]; 

(3) nepe3 Gfc, r^e k = l,...,n, o6o3HaHeHbi HenpepbiBHbie jiimeftHbie onepaTopbi 
b npocTpaHCTBe L 2 [0, 1], fleHCTByionnie na xapaKTepiiCTHHecKyio cpyHKiniio X(C,0 
npoH3BOJibHoro HHTepBajia (C,£) C [0, 1] corjiacHO npaBHjiy 

( 3 - 2 ) G k(X(C,0) = X( ak +a k (, ak +a k o, k = 1, . . . ,n. 

3to npaBHJio, KaK HeTpyznio BH^eTb, onpeflejiaeT onepaTopbi G k 0flH03HanH0. 
OnepaTopbi G BH^a (|3.1jl SyoyT Ha3biBaTbca onepamopaMU nodo6uH. 

JlEMMA 3.1. Onepamop nodo6un G HejinemcH ccncuMawmuM e moM u mojibno moM cjiynae, 
Kozda cnpaeed./iueo Hepaeencmeo 



(3.3) ^a fc |d fc | 2 <l. 



k=l 



^OKASATEJlbCTBO. YTBepjKfleHHe ^OKa3biBaeMOH jieMMbi cjiejjyeT 113 Toro cpaKTa, hto npn 
jiio6bix fi, f 2 G ^[0, 1] cnpaBe^JiHBbi cooTHOineHiia 

1 

||C(A) -C(/ 2 )||i 2t0jl] = / \GU\)-G(f 2 )\ 2 dx = 



n ( ak+1 ^ 

^ (|4| 2 J \G k {h) - G k {f 2 )\ 2 dx 




H3 JieMMbi 13.11 11 npuHnrma cacniviaioniTix OToGpaaceHnii HeiviefljieHHO BbiTeKaeT 
cnpaBefljiHBOCTb cjie/iyiODxero yTBepacfleHiia. 

TEOPEMA 3.1. Ecau cnpaeedAueo nepaeeHcmeo ()3.3|) . mo cywficmeyem u eduHcmeenna 
(fiyHKiitUfi f G L 2 [0, 1], ydoeAemeopHtou^aH ypaeneHuw G(f) = f . 

B ^ajibHeiiineM Bcer^a 6y,a,eT npe^nojiaraTbca, hto HepaBGHCTBO (13 .3 J) BbinojiHeHO. 

3.2. CaMono^i;o6Hbie cpyHKijHH h hx THnw. Ecjih cpyHKipiii / G L 2 [0, 1] y^OBjieTBopaeT 
ypaBHeHHio G(f) = f, rjj;e G — HeKOTopbifi onepaTop nofloSna, to TaKaa cpyHKHiia 6y,n;eT 
Ha3biBaTbca caMonodo6Hou. Ilpn stom BejiiiHiiHbi n, a&, c4 h r^e /c = 1,2, ...,n, 
onpe^ejiaiOHiTie cooTBeTCTByiomTiH onepaTop nojxpSna G, 6yuyT Ha3biBaTbca napaMempaMU 
caMonodo6usi (pyHKipm /. 

3AMEMAHHE 3.1. Pa3JiuHHue onepamopu nodo6ua Mozym onpedeAnmt odny u my wee 
caMonododnyw gjyHKi^uw. B nauecmee npujuepa mochcho npueecmu (pyHKi^uw f euda fix) = x, 
o6Aadawui l yK), e uacmnocmu, napajuempaMU caMonodo6uM 

(1) n = 2, a 1 = a 2 = d 1 =d 2 = 1/2, = 0, f3 2 = 1/2; 

(2) n = 2, a x = d x = (3 - VE)/2, a 2 = d 2 = Qh - l)/2, (3 X = } fa = (3 - V5)/2; 

(3) n = 2, a x = d x = 1/3, a 2 = d 2 = 2/3, ft = 0, /3 2 = 1/3. 

QyHKiiHa / G £2(0, 1], flJifl KOTopoH HaiiflyTCfl Taxne napaMeTpbi caMono,i],o6H5i, hto npn 
HGKOTopoM z/ > SyijeT cnpaBe^jiHBO ycjiOBHe 

(3.4) VA;G{l,...,n}3/ fe GN (a fc |d fc |) • (a fc |d fc | - e" 1 *") = 0, 

6y^eT Ha3biBaTbca apudiMemunecKU caMonodo6Hou (pyHKinieii. Ecjih HeKOTopbix 
napaMeTpoB caMonoj^oSiiH hhcjio v ABjiaeTca MaKCiiMajibHbiM cpe,zni Hiiceji z/ co cbohctbom (|3.4jl . 
to TaKoe hhcjio v Sy/xeT Ha3biBaTbca uiasoM caMonojxp6iia (pyHKBiiii /. 

cDyHKiiria / G L 2 [0, 1], /iJia KOTopofi HanjjyTca TaKiie napaivieTpbi caMono/xoSiia, hto 
npn jiioSom v > ycjiOBHe 1)3.4^ 6yjj;eT HapynieHO, 6yjj;eT Ha3biBaTbca HeapudiMemuuecKU 
caMonodo6Hou (pyHKBHeii. 

3AMEMAHHE 3.2. Odna u ma ence g^yHKi^uM Mocncem uMemb pa3AUHHue mazu caMonodo6ua, 
u dacHce Mootcem 6umb apuqiMemuuecKU u neapuaiMemuuecKU caMonodo6Hou odnoepeMeHHO. 
HanpuMep, ynoMUHaemueca e 3aMeuaHuu \S. 1\ Ha6opu napajuempoe ca,Monodo6utt 3ah aiyHKij^uu 
f euda fix) = x noKaaueamm, umo ama gjyHKi^uM: 
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(1) apucpMemuHecKU caMonodo6na c uiazoM In 4; 

(2) apudiMemuuecKU caMonodo6na c mazoM ln2-ln(3- V5); 

(3) HeapucpMemuHecKU caMonodo6na. 

3.3. CneKTpajibHbiii nopsmoic. Oco6oe MecTO cpe^H caMono^oSHbix cpyHKiniii 
3aHHMaiOT cpyHKHHH, fljia KOTopbix cymecTByiOT napaMeTpbi caMonofloSna co cjie^yioiHHMH 

CBOHCTBaMH! 

(1) cpe^n nnceji dk, r,a;e k — 1, . . . , n, He MeHee flByx otjihhhm ot Hyjia; 

(2) cpe,i],H Hnceji (3^, r^e k = 1, . . . , n, no MeHbineii Mepe o,i],ho otjihhho ot Hyjia. 

TaKHe caMonoflo6Hbie (pyHKnrra SyoyT Ha3biBaTbca caMonodo6nuMU (pynKi^usiMU 
nojiowcumejibHozo cneKmpaAbnoso nopnd'Ka. 

JIemma 3.2. IJycmt> f — caMonodo6naM (fiytiKi^UM, u nycmt n, a k u d k , sde k — 1, . . . , n, — 
ee napaMempu caMonodo6un. IJycmb npu amoM cpedu nuceA dk ne Menee deyx oitiauhhu om 
nyAM. Tosda cym,ecmeyem u eduHcmeeHHO noAootcumeAbnoe peuienue D ypaenenun 

n 

(3.5) ^K|4i) D/2 =l- 

fe=i 

IJpu amoM D < 2. 

^OKASATEJlbCTBO. PaccMOTpiiM onpe^ejieHHyio Ha (0, +oo) cpyHKHino T BH^a 

n 

Va;e(0,+oo) T{x) = ^ (a fc \d h \f . 

k=i 

H3 jierKO nojiynaeivibix Ha ocHOBe HepaBeHCTBa Koinn-ByHaKOBCKoro coothohighhh 

n / n \ 1 / 2 /n \ V 2 / n \ 1 / 2 

(3.6) 5Zo fc |4|< $^«fc|4| 2 • ^^-i 2 = $^«fc|4| 2 <i 
fc=i \fc=i / \fc=i / \k=i J 

cjie^yeT, hto 3Ta (pyHKnrm ABjiaeTca yGbiBaiomeii, npnneM rjisi jiioSoro a; ^ 1 cnpaBe^JiHBO 
HepaBeHCTBO T(x) < 1. C flpyron ctopohm, H3 ycjiOBHH jieMMbi cjie^yeT, hto npn x ~ 
3HaneHHa T(x) npeBoexoflaT 1. TeM caMbiM Bee yTBep>KfleHHa JieMMbi cnpaBe^jiHBbi. □ 

IlpH noMomii paccyjK^eHHH, aHajiorHHHbix TeM, hto SynyT HH>Ke npo^ejiaHbi npn 
^OKa3aTejibCTBe Teopeivibi 14.21 mojkho ycTaHOBHTb cnpaBe^jiHBOCTb cjieflyioinero yTBepjK^eHna. 

Teopema 3.2. Ilycmb f e L 2 [0, 1] — caM,onodo6naH diyHKyutt noAowcumeAbnozo 
cnenmpaAbHoso nopsidna. Tozda peuienue D ypaenenufi 1)3. 5 J) ne 3aeucum om eu6opa 
napaMempoe caMonodo6uH. 

PerneHHe D ypaBHeHna (|3.5jl . OTBeHaiomero caMonofloSHOH cpyHKnrra nojio>KHTejibHoro 
cneKTpajibHoro nopa^Ka, 6y,a,eT Ha3biBaTbca cnenmpaAbHUM nopadKOM stoh (pyHKn,HH. 
CneKTpajibHbiM nopa^KOM caMonofloSHOH (pyHKn,HH, He aBjiinomeiica caMonoflo6Hofl (pyHKn,Heii 
nojio>KHTejibHoro cneKTpajibHoro nopa^Ka, 6y^eT no onpeflejieHHio CHHTaTbca hhcjio 0. 

4. OnepaTopHbiii nynoK h ero cneKTpajibHbie CBOHCTBa 
4.1. IlocTpoeHHe onepaTopHoft MO^ejin. B ^ajibHeiiHieM nepe3 TC Sy^eT o6o3HanaTbCH 

o 

npocTpaHCTBO H^^O, 1], CHa6»<eHHoe hopmoh 

Vye ^[0,1] \\y\\ H =\\y'\\ L2m . 
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o 

Hepes Ti' = 

b ^ajibHeiiineM 6y,a,eT o6o3HanaTbca npocTpaHCTBO, ^yajibHoe k Ti 
OTHOCHTejibHO ^[0, 1], to ecTb nonojiHeHHe npocTpaHCTBa L 2 [0, 1] no HopMe 

Vy E L 2 [0, 1] \\y\\ H > = sup \(y, z)l 2 [o,i]|- 

\\4h=i 

Hepe3 3[y, z], rp,e y G Ti' n z G Ti, Sy^eT o6o3HanaTbca nojiyTopajinHeimaa (popMa, 
aBJiaiomaaca npoflOJixceHHeM no HenpepbiBHOCTH (popMbi 

i 

Vy G L 2 [0, 1] Vz G Ti 3[y, z) = J yzdx. 

Q 

KaK HecjiojKHO npoBepnTb, jiioSoh cpyHKnnn P G ^[0, 1] mojkho nocTaBHTb b cooTBeTCTBne 
OflH03HanHO onpe^ejieHHyio (pyHKnnio p G Ti' co cbohctbom 



VyGft 3\p,y] = - J p Vdx. 





Taxaa cpyHKnna p 6y^eT Ha3biBaTbca npou36odHOU ot (pyHKnnn P. Jlerxo npocjie^HTb CBA3b 
BBefleHHoro onpe^ejieHna c hsbgcthbim b Teopnn o6o6meHHbix (pyHKnnn noHSTneM o6o6ineHHon 

npOH3BOflHOH. 

B cooTBeTCTBHH c MyjibTHnjiHKaTopHOH TpaKTOBKOH 3a,a,an IHTypMa-JlnyBHjiJifl c 
CHHryjiapHbiMH noTeHnnajiaiviH (cm., Hanpniviep, |4j), BbiSepeM b KanecTBe onepaTopHon MO^ejin 
fljia 3aflann 1)1. 1)1 . ()1-2)1 jinHenHbin nynoK T p : Ti — > Ti! orpaHnneHHbix onepaTopoB, 
ynOBJieTBopaioinnn TOJK^ecTBy 

l 

V\eCVy,z eH 3[T p (\)y,z} = J y'z* dx - A • 3[p,yz], 

o 

B cjiynae, Kor^a Bee p npe^CTaBjiaeT coSoii npon3BOflHyio (pyHKnnn P G ^[0, 1], nocjie^Hee 
TOJK^ecTBO nepenncbiBaeTca b Bn^e 

i 

(4.1) V\eCVy,zeH 3[T p (\)y,z] = j '{y'i 7 + \P ■ (y'z + yz 7 )} dx. 

o 

HecjiojKHO ySeflHTbca, hto b peryjiapHOM cjiynae p G C[0, 1] ypaBHeHne T p (X)y = 
SKBHBajieHTHO 3a,n;aHe 1)1. 1)1 . 1)1-2)1 . noHHMaeMon o6binHbiM o6pa30M. OneBn^Ha TaKJKe 
cnpaBefljiHBOCTb ToacflecTBa 

(4-2) Vy E Ti 3[T p (0)y,y] = \\y\\ 2 H . 

npejK^e neM ccpopMyjinpoBaTb ochobhoh pe3yjibraT HacToamero nyHKTa, BBe^eM 
cjie^ryiomHe noHaTna. 

• HudeKCOM UHepu,uu indS onepaTopa S : Ti — > Ti' 6y^eT Ha3biBaTbcn MaKCHMyM 
pa3MepHOCTen noflnpocTpaHCTB Ai C Ti, yflOBjieTBopaioinnx ycjiOBnio 

3e>0y y eM 3[Sy,y]^-e\\y\\ 2 n . 
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• CoScTBeHHoe 3HaneHne A G C jinHeimoro nynKa S : Tt —>■ TH! BHfla 5(A) = A — XB 
6y^eT Ha3biBaTbca co6cmeeHHUM 3nanenueM noAootcumeAbnozo (ompuyameAbnozo) 
muna, ecjin cnpaBe^jinBO HepaBeHCTBO 

3e > My G ker 5(A) y] ^ 

(cOOTBeTCTBeHHO, 

3 £ > My G ker 5(A) 3f[Sy,y] ^ -e\\y\\ 2 H ) . 
Ochobhoh pe3yjibTaT HacToamero nyHKTa coctoht b cjie,n;yioiiieM. 

TEOPEMA 4.1. Cnenmp nywKa Tp uucmo ducKpemen, u ece ezo co6cmeennbie snauenuH 
HBAHwmcH npocmuMU. 

Bee co6cmeeHHue 3naHenuH nynna T p , pacnoAootcennue npaeee nyjisi, UMetom 
noAOMCumeAbHuu mun, a ece co6cmeeHHue 3naHenuH nynna T p , pacnoAootcennue Aeeee 
nyAM, UMetom ompuyameAbnuu mun. JJam ak>6o20 A > hucao co6cmeeHHUx 3naHenuu 
mjuna T p , npunadAeMcav^ux unmepeaAy (0, A), coenadaem c undencoM unepyuu indT p (A) 
onepamopa T p (\). Ahclaozuuho, 3aji ak>6o20 A < hucao co6cmeeHHUx 3naHenuu nyuna T p , 
npunadAeofcamux unmepeaAy (A,0), coenadaem c undencoM unepyuu indT p (A) onepamopa 
T P (X). 

^OKASATEJlbCTBO. npoH3BOflHaa T' p nyHKa T p npe^CTaBJiaeT co6oii KOMnaKTHbin 
onepaTop. IIosTOMy k nynxy T p MoryT 6biTb npnjio>KeHbi pe3yjibTaTbi pa6oTbi [5]. 

To>KflecTBO (I4.2J) 03HanaeT, hto nynoK T p aBjiaeTca cnjibHO ,a,ecbHHH3HpyeMbiM 
(cm. TeopeMy O Theorem 1]). YTBep>KfleHHH TeopeMbi BbiTeKaiOT noTOMy H3 yTBep>KfleHHa [5, 
Proposition 6], TeopeMbi [5, Theorem 1], TOJKflecTBa (|4.2|) n npocToro CBoiicTBa 

VA G C dimkerT p (A) ^ 1. 

□ 

TeopeMa 14.11 noKa3MBaeT, hto 3Hamie aciiMnTOTiiKii npn A — > ±oo rjisi HH^eKca HHepnnn 
onepaTopoB T p (X) SKBiiBajieHTHO 3HaHiiio acuMriTOTHKH npn A — > ±oo rjisi co6cTBeHHbix 
3HaneHHH nynxa T p . HoBTOMy nonynaeMbie hhjkc yTBepxcfleHna o noBe^eHHH BejinnnHbi 
indTp(A) jierKO MoryT SbiTb nepecbopMyjmpoBaHbi b yTBepxcfleHna o cneKTpe nyaKa T p . 

4.2. Achmiitothkh cneKTpa. OcHOBHbiM pe3yjibTaTOM HacTonnxero nyHKTa aBjiaeTca 
cjie^,yioru,ee yTBep>K,neHHe. 

Teopema 4.2. nycmb P G ^[0, 1] — apudjMemunecKU caMonodo6nasi djynKyuM c masoM v, 
UMemu^an noAootcumeAbnuu cneKmpaAbnuu nopndoK D. nycmb npu amoM naudemcM noMep 
k ^ n, 3am Komopozo eunoAueno odno U3 CAedytou^ux ycAoeuu: 

• CnpaeedAueo nepaeencmeo dk > 0, u omnomenue 

^ 4 3 ) ln K 141) 

neuemno. 

• CnpaeedAueo nepaeencmeo dk < 0, u omnomenue (|4.3|) uemno. 
Tozda dAsi nyuna (|4.1|) cnpaeedAueu CAedyiou^ue ymeepmcdenutt. 
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(1) Cymecmeywm maKue nenpepuenue Heompuu,ameAbnue 1-nepuodunecKue c^ynKi^uu 
s±, nmo npu A — ► ±00 cnpaeedAueu acuMnmomunecKue npedcmaeAenun 

(4.4) indT p (A) = \\\ D /* U + . 

(2) Ecjiu npu neKomopoM k G {1, ...,n} UMeem Mecmo nepaeencmeo d k < 0, mo 
cnpaeedAueo moMcdecmeo 

(4.5) Vt G E s+(t) = s_(t). 

(3) ifc/m d/w neKomopou $ynKU ) uu y <E H UMeem Mecmo Hepaeencmeo 3[p, \y\ 2 ] > 0, 
mo cfnjHKHufi s + noAowcumeAbna. Ahclaozuhho, ecAU 3ah neKomopou cfiynKi^uu y G 7i 
UMeem Mecmo nepaeencmeo 3[p, \y\ 2 } < 0, mo $ynKU,ufi s_ noAoofcumeAbna. 



^0Ka3aTejibCTB0 Teopeivibi 14.21 6y^ei oniipaTbca Ha cjie,a,yiomyio jieMMy. 

JIemma 4.1. Ilycmb q}ynKU,UH P G L 2 [0, 1] ca,Monodo6na, u nycmt n, a k u d k) 
zde k = 1, 2, . . . , n, — ee napaMempu caMonodo6ua. Tozda 3ah nyu%a (|4.1|) cnpaeedAueu 
nepaeencmea 

n 

(4.6) VA G E ^ indT p (A) - ^ mdT p (a k d k ■ A) < n - 1. 

k=l 

/^OKA3ATEJlbCTBO. SadpiiKCiipyeivi npoH3BOJibHoe A G E. 

JJIaz 1. IlycTb M. k , r^e k = 1,2, ...,n — npoH3BOJibHbie noflnpocTpaHCTBa b 7i, 
yflOBJieTBoparoiniie npu HeKOTopoM £ > ycjiOBiiaivi 

\/y e M k 3[T p (a k d k ■ X)y,y) < -e||y||^, fc = 1,2, . . .,n. 

PaCCMOTpHM B 7i nOflnpOCTpaHCTBO 



fe=l 



rfle G k — onepaTopbi, onpe^ejieimbie cpopiviyjioii (|3.2jl . Pa3iviepH0CTb no^npocTpaHCTBa .M, 
oneBH^HO, npeflCTaBJiaeT co6oii cyMMy pa3MepH0CTefi noflnpocTpaHCTB Ai k . C flpyron ctopohm, 
fljia jiioSoro HaSopa (pyHKuiiii y k G M. k , r^e = 1, 2, . . . , n, h nocTpoeHHofl no Heiviy cpyHKiniii 
y = ^2 k l =1 G k (yk) G cnpaBe^JiHBbi cooTHonieHiia 



n ° fc+1 



lb n 

3[T p (X)y,y] = J2 J {\y? + \P ■ (y'y + yy*)} dx 



k=l „ 

oik 



1 

n 



/ {^Wk? + dk ■ XP- (y k m + y k y' k )} dx 



k=l ^ 

n n 

= 5^ a k ^[Tpfadk ■ X)Vk,Vk] < -ej^oj^lll/fcllw = 

fe=l fc=l 

TeM caivibiM no^npocTpaHCTBO .M y^oBjieTBopaeT ycjiOBHio 
(4.7) VyeM 3[T p (X)y,y]^-e\\y\\ 2 H . 
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BBHfly npoH3BOJibHOCTH Bbi6opa noflnpocTpaHCTB A4 k , CKa3aHHoe 03HanaeT cnpaBefljiHBOCTb 
jieBoro HepaBeHCTBa b cooTHOineHHH (14. 6J) 

Ulas 2. IlycTb Ai — no^npocTpaHCTBO b Tl, y,a,OBjieTBopfliomee npn HeKOTopoM e > 
ycjiOBHio (14. 7J) . IlycTb TaK>KG Ai k , r^e k = 1, 2, . . . , n, — no^npocTpaHCTBa b 7i, 
y^OBjieTBopaiomHe npn HeKOTopbix e k > ycjiOBHHM 

(4.8) My E M k 3[T p (a k d k - X)y,y) ^ -£ k \\y\\^, k = 1, 2, . . . ,n. 
Hepe3 -M^ b ^ajibHeiiineM 6y,a,yT o6o3HanaTbca no^npocTpaHCTBa b 7^ BH^a 

= {y eH\\/ze M k 3{T p {a k d k - X)z,y] = 0}, fc = 1, 2, . . . , n. 
IlpeflnojiojKHM, hto cnpaBefljiHBO HepaBeHCTBO 

n 

(4.9) dimM -^^dimMk > n - 1. 

fc=i 

IlocKOJibKy no^npocTpaHCTBO 

n 
k=l 

HMeeT b 7i Kopa3MepHOCTb Y^k=i ^ m M k + n — 1, to no^npocTpaHCTBO M. P\M. HeTpiiBHajibHO. 
Cjie^OBaTejibHO, HaftfleTca TaKoii HaSop dpyHKHiiH y k G M k , r^e k = 1,2, ... ,n, hto ^Jia 
OTBenaiomeH eiviy dpyHKHiiH ?/ = Ylk=iGk(yk) 6yuyT cnpaBe^jiHBbi cooTHonieHHa 

n 

a k 1 ^[ T p(«fe4 • \)yk, Vk\ = 3[Tp{\)y, y\ < 0. 

k=l 

TeM caivibiM npn HeKOTopoM m G {1, 2,...,n} Sy^eT cnpaBe^jiHBO HepaBeHCTBO 
3[T p (a m c/ m • A)y m ,?/ m ] < 0. Ho b 3tom cjiynae, KaK jierKO npoBepiiTb HenocpeflCTBeHHO, 
no^npocTpaHCTBO 

M' m = M m © Un{y m } 

6y^,eT y,a,OBjieTBopaTb ycjiOBHio 

My G M' m 3[T p (a m d m ■ X)y, y] ^ -e'J\y\\ 2 n 

npn HeKOTopoM e' m > 0. 

CKa3aHHoe 03HanaeT, *ito, OTnpaBjiaacb ot Ha6opa no^npocTpaHCTB A4 k , rpp k = 1,2, ... ,n, 
yflOBjieTBopaiomero ycjiOBHSM (14 .8|) h (I4.9L Bcer^a mojkho nocTpoHTb Ha6op no^npocTpaHCTB 
A4' k , r^e k = 1, 2, . . . , n, yijOBjieTBopaioiHHH npn HeKOTopbix e' k > ycjiOBiifiM 

My G M' k 3[T p {a k d k - X)y,y] ^ -£ k \\y\\ 2 H , k = 1, 2, . . . , n, 

a TaK>Ke ycjiOBHio 

n n 

^dimXfc > y^dimA^fc. 

k=l k=l 

OTCio^a aBTOMaTHHecKH BbiTeKaeT cnpaBefljiHBOCTb npaBoro HepaBeHCTBa b coothohi6hhh ()4.6|) . 
JleMMa nojiHOCTbio flOKa3aHa. □ 

YTBepjKfleHHe jieMMbi l4~Tl npe ucTaBJigeT co6oii o6o6nj;eHHe dpopMyjibi (18) H3 paSoTbi [3]. 
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jQKA3ATEJlbCTBQ TEQPEMbl I4.2L Ulas 1. BBe^eM b paccMOTpeHHe HenpepbiBHbie 

(pyHKU,HH A± )E BHfla 

t+e 

(4.10) Vt G R A±, £ (t) = e-^^e -1 ^ indT p (±e" c ) tZC- 

t 

3flecb 5 — npoH3BOJibHaa nonoacHTejibHaa nocToaimaa. H3 JieMMbi 14.11 cjie^yeT, hto HMeiOT 
MecTO HepaBeHCTBa 



(4.11) VtG 



A±^(t)-X)( *l d *l) D/2A d^(*-'*)- 



d fe >0 

< e - D ^/ 2 .(n-l), 



- ^Ki4i) D/2 A Tl£ (t-4) 

dfe<0 

r^e HHCJia onpe^ejieHbi cooTHOineHiieM 1)3.41) . KpoMe Toro, c oneBiyrHOCTbio Han^yTca TaKiie 
ito G 1 h £o > 0, hto 6y^yT cnpaBe^JiHBbi TOJK^ecTBa 

\/e G (0, Eq) Vt ^ to A±, e (*) = 0. 

IlpHMeHHfl Tenepb TeopeMbi 12.11 h 12.21 k (pyHKiniaM A± e Bn,a,a 

VtGM A ±j£ (t) = A ± , e (t-t ), 

Haxo^HM, hto npii t — > +oo dpyHKirnH A± (E paBHOMepHO no £ G (0, £o) CTpeMHTca 
k HenpepbiBHbiM 1-nepHO^HnecKHM dpyHKirnaM s± j£ . IIpi! btom b cjiynae, Kor^a cpe,a,n 

K03(p(pHI],HeHTOB dk HMeiOTCfl OTpimaTejIbHbie, CnpaBeflJIHBO TOiK^eCTBO 

\/e G (0, e ) Vt G R s+, e (t) = s_, £ (t). 

Z/7a2 £ SacpiiKCiipyeM npon3BOJibHoe <5 > 0. 3acpiiKCiipyeM TaioKe TaKoe HaTypajibHoe hhcjio 
AT, hto e" D ^/ 2 < (5/4 h 

(4.12) ye G (0,e ) Vt G [N,JV+ 1) |A ±>e (t) - S± , £ (t)| < 6 /A. 

H3 TeopeMbi 14.11 cjTft jryftT. hto ,a,Jia HeKOToporo E\ G (0, £0) 6yflY T cnpaBeflJiiiBbi HepaBeHCTBa 

V£ G (0,ei) Vt G [AT, AT + 1) |e Diy * /2 A ±i£ (t) - ind T p (±e"*) | < 1. 

OTCio^a HeMe^jieHHO BbiTeKaiOT HepaBeHCTBa 

Ve, e' G (0, £1) Vt G [AT, AT + 1) |A±, £ (t) - A ±)£ ,(t)| < 5/2, 

o6 r beflHHaa KOTopbie c HepaBeHCTBaMii 1)4.12)) . ySejK^aejvrca b cnpaBefljiHBOCTii HepaBeHCTB 

Ve, e' G (0, £1) Vt G [N, N + 1) |s±, £ (t) - s±, £ ,(t)| < 8. 

CyMMHpya CKa3aHHoe, nojiynaeM, hto npn e \ (pyHKiriiH s± e paBHOMepHO Ha R cxo^aTca k 
HeKOTopbiM 1-nepHOflHHecKHM cpyHKiniaM s±, rjik KOTopnix cnpaBe,a,JinBbi acHMnTOTHKH 1)4.4)) . 
Ilpn 3tom b cjiynae, Kor^a cpeflii bcjihhhh dk HMeiOTca OTpimaTejIbHbie, cnpaBe^JiHBO 
TOJKflecTBO 1)4.5)) . TeM caMbiM cnpaBe^jiHBOCTb nepBbix flByx yTBepjK^eHHfi TeopeMbi ,n;oKa3aHa. 

Illas 3. J\jir 3aBepnieHiia ^OKa3aTejibCTBa TeopeMbi ocTaeTca noKa3aTb cnpaBefljiHBOCTb 
ee yTBep>KfleHHa (jHJ. Mm orpaHiiHiiMca paccMOTpeimeM cjiynaa c cpyHKHiieii s + (cjiynafi c 
(pyHKH,Heli S- paccMaTpHBaeTca aHajionnHo). 

Ha ^aHHOM mare 6y^eT npeflnojiaraTbca, hto Bee KOsdpdpiiinieHTbi dk HeoTpimaTejibHbi. 
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IlycTb npn HeKOTopoM y G Tt cnpaBe^jiHBO HepaBeHCTBO 3[p, \y\ 2 ] > 0. Tor^a, corjiacHO 
onpe^ejieHHio nynKa T p , npn A > 6y^eT cnpaBe,a,JiHBO HepaBeHCTBO indT p (A) > 0. CorjiacHO 
TeopeMe I4.1[ bto 03HanaeT Hajinnne coScTBeHHbix 3HaneHHH nynKa T p Ha nojio^KHTejibHon 
nojiynpaMOH. 

06o3HannM nepe3 Ai HanivieHbinee nojio>KHTejibHoe co6ctbghhog 3HaneHne nynxa T p . Tor^a 
npn jik)6om flocTaTOHHO MajiOM e > Ha nojiyHHTepBajie t G [In Ai/z/, lnAi/z/ + 1 — e) 6y,n;eT 
BbinojiHaTbca HepaBeHCTBO 

A+, e (t) - (a* |4|) D/2 A + , £ (t - 4) ^ e- D ^ 2 Ar 1 . 

d k >0 

CorjiacHO Teopeivie 12.11 h jieMMe 14.11 sto 03HanaeT, hto cpyHKinia s + flOJi>KHa no^HHHaTbca 
HepaBeHCTBy 



Vt G R s+(t) > 



JAi ' 
r^e nojiojKeHO 

(4.13) J= J2 l *M d *\) D/2 - 

Cjie^OBaTejibHO, b pacciviaTpHBaeMOM cjiynae (pyHKHiia s + nojioacHTejibHa. 

JJIaz 4- IlycTb Tenepb cpe^n BejiHHHH c4 HMeiOTca OTpHnaTejibHbie. 06o3HanHM nepe3 Ai 
HaHMeHbinyio H3 aScojiiOTHbix BejiHHHH coScTBeHHbix 3HaneHHn nynKa T p . Tor^a npn jhoSom 
,a,ocTaTOHHO MajiOM £ > Ha nojiyHHTepBajie t G [InAi/i/, InAi/z/ + 1 — e) 6y,a,eT BbinojiHATbca 
no MeHbHieii Mepe o^ho H3 ,a,Byx HepaBeHCTB 

A ±)B (t) - ( ak l4|) D/2 A±, £ (t - h) ~ J2 ^ \dk\) D/2 KAt ~ h) > e-° u/2 Ar 1 - 

d k >0 d k <0 

CorjiacHO TeopeMe 12.21 n JieMMe 14.11 sto 03HanaeT, hto cpyHKnna s + flOJDKHa no^nnHflTbca 
HepaBeHCTBy 



Vt G R s+(t) ^ 



e -Du/2 



2JAi ' 

r^e BejinnnHa J onpe^,ejieHa cooTHonieHneM (I4.13J) . Cjie^OBaTejibHO, b pacciviaTpHBaeMOM 
cjiynae (pyHKHHH s + TaKxce nojio>KHTejibHa. TeM caMbiM TpeTbe yTBepacfleHHe TeopeMbi 
cnpaBefljiHBO. 

Teopeivia nojiHOCTbio flOKa3aHa. □ 

5. IIpHMepbi 

5.1. HeKOToptie KOHKpeTHbie BecoBbie cpy hki^hh . B ^ajibHeHHieivi nepe3 P a> g, r^e 
a G (0,1/2) h 5 G [0,1/3), 6y,n;eT o6o3HanaTbca KBa^paTHHHO cyMivinpyeiviaa caMonoflo6Haa 

(pyHKHHH BH^a 

n = 3, ai = a 2 = a, a 2 = 1 — 2a, 

dx = d 3 = 1/2 + 5, d 2 = -25, Pi = 0, (3 2 = 1/2 + 8, (3 3 = 1/2 - 8. 

B nacTHOCTH, Pi/3,0 npe^CTaBjiaeT coSoii xopomo H3BecTHyio KaHTopoBy jiecTHnuy. 

Kpoivie Toro, nepe3 P a , r,n;e a G (0, 1/3), 6y,n;eT o6o3HanaTbca cpyHKHHH P a ,s, flJia KOTopoii 
3HaneHHe napaivieTpa 5 onpe^ejieHO ycjiOBneM (2 — 5a) 5 = a/2. 
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n 




n 


/ \ l0£ 




1 


1,44 


10 1 


± 


1% 


0,356 


± 


0,001 


2 


3,53 


10 1 


± 


1% 


0,504 


± 


0,001 


3 


1,41 


10 2 


± 


1% 


0,442 


± 


0,001 


4 


1,51 


10 2 


± 


1% 


0,574 


± 


0,001 


5 


3,26 


10 2 


± 


1% 


0,533 


± 


0,001 


6 


3,53 


10 2 


± 


1% 


0,620 


i 

± 


0,001 


7 


8,76 


10 2 


± 


1% 


0,509 


± 


0,001 


8 


8,76 


10 2 


± 


1% 


0,582 


± 


0,001 


9 


1,58 


10 3 


± 


1% 


0,521 


± 


0,001 


10 


1,62 


10 3 


± 


1% 


0,573 


± 


0,001 



n 




n 




11 


2, 


03 


10 3 


± 


1% 


0,578 


± 


0,001 


12 


2, 


03 


10 3 


± 


1% 


0,630 


± 


0,001 


13 


2, 


27 


10 3 


± 


1% 


0,654 


± 


0,001 


14 


2, 


29 


10 3 


± 


1% 


0,702 


± 


0,001 


15 


5, 


26 


10 3 


± 


1% 


0,545 


± 


0,001 


16 


5, 


26 


10 3 


± 


1% 


0,582 


± 


0,001 


17 


9, 


23 


10 3 


± 


1% 


0,497 


± 


0,001 


18 


9, 


27 


10 3 


± 


1% 


0,525 


± 


0,001 


19 


9, 


59 


10 3 


± 


1% 


0,547 


± 


0,001 


20 


9, 


60 


10 3 


± 


1% 


0,576 


± 


0,001 



TABJIHLIA 1. Ou,ghkh nepBbix co6cTBeHHbix SHaneHHii rjik cjiynaa a = 1/3, 5 = 



1 




0J5 ^ 1 



PllC. 1. On;eHKH cpyHKipra s + fljia cjiynaa a = 1/3, 5 = 



YTBEP^flEHHE 5.1. Ilycmb D a ecmb cneKmpaAbHuu nopadoiz (pyHKi^uu P a . Tozda npu 
a S 1/3 cnpaeedAuea acuMnmomuKa D a f 2. 

/^OKASATEJlbCTBO. B pacciviaTpHBaeMOM cjiynae nivieeT MecTO cooTHOineHiie 

D = ^ 

a ln(2-5a) - lna - ln(l - 2a) ' 

IloflCTaBJiaa ciofla a /* 1/3, nojiynaeivi HCKOMoe yTBepjK^eHHe. □ 



5.2. HncjieHHtie pe3yjibTaTbi. B Ta6jiime [l] npeflCTaBJieHbi pe3yjibTaTbi HHCJieHHbix 
pacneTOB fljia nepBbix flBafluaTH co6cTBeHHbix 3HaneHHH 3a^aHH niTypMa-JIiiyBiuiJia, BecoBOH 
(pyHKB^iieH b KOTopoii BbiCTynaeT npoH3BOflHaa cpyHKuiiii -Pl/3,o- ,T[ aHHI>ie Ta6jinn;bi no3BOJiaiOT 
npoHJiJiiocTpHpoBaTb cjie^;yioni;ee H3 Teopeivibi 14.21 vTBepacneHHe A„ x n ln6 / ln2 _ 
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KaK cjie^yeT H3 cooTHOineHHii (|4.10j) h (|4.11j) , ^Jia dpyHKHiin p = PL h jiio6oro 
nojio>KHTejibHoro A, He aBJiaioineroca co6cTBeHHbiM 3HaHeHneM nyHKa T p , cnpaBe^jiHBbi 
cooTHOineHHa 

(5.1) A- log « 2 ■ (indT p (A) - 2) < s+(log 6 A) ^ A" 1 ^ 2 • (indT p (A) + 2) . 

IloflCTaBjiafl b 3th cooTHOineHHa flaHHbie Ta6jiHHbi ^ ycTaHaBjiHBaeM cnpaBeflJiHBOCTb 
HepaBeHCTB 

s+(log 6 A 14 + 0) ^ 0, 60, s+(log 6 A 17 + 0) < 0, 56. 

TeM caMbiM fljia paccMaTpiiBaeMOH BecoBOH (pyHKixiiH p cpyHKipia s + He aBjiaeTca nocTOflHHOH. 
TpySbie BepxHHfl h HH)KHaa ohchkh rjih rpa(pHKa stoh cpyHKinin s + npe^CTaBjieHbi Ha 
pncyHKe HJ 

PaccMOTpHM TaK>Ke (pyHKn,HK) P, fljia kotopoh @2 — 2/5, a npc-HHe napaMeTpbi caMono^oSnfl 
coBna^aiOT c TaKOBbiMH rjisi cpyHKinin -Pi/3,0 Bee p = P' aBjiaeTca HHflecpHHHTHbiM, ho k HeMy 
He MOJKeT SbiTb npHMeHeHO yTBep>K^eHHe (j2J) TeopeMbi 14.21 PacneTbi noKa3biBaiOT, hto HMeiOT 
MecTO paBeHCTBa 

ind7>(10000) = 19, indT p (-10000) = 3. 

0,a,HaKO pjin (pyHKn,HH p = p npn jiioSom nojio>KHTejibHOM A, He npHHa^JiexcameM cneKTpy 
T p , cnpaBe^JiHBbi cooTHomeHHa 1)5. ljl . a npn jho6om OTpHHaTejibHOM A, He npHHa^JiOKameM 
cneKTpy T p , cnpaBe^JiHBbi cooTHonieHHfl 

|A|- log « 2 -(indT p (A)-2) ^s_(log 6 |A|) ^ |A|- log « 2 ■ (indT p (A) + 2) . 

IlosTOMy HMeiOT MecTO HepaBeHCTBa 

s+(log 6 10000) ^ 0, 48, s_(log 6 10000) 0, 15, 

noKa3biBaiOHi;He, hto TpeSoBaHne Hajinnna OTpHHaTejibHoro cynjecTBeHHO ^Jia 

cnpaBe^jiHBOCTH yTBepac^eHHa J2|) TeopeMbi 14.21 

Bjiaro^apHOCTn: Abtopbi 6jiaro,i],apaT A. H. Ha3apoBa h A. A. IIlKajiHKOBa 3a 
o6cy>KfleHHe paSoTbi h ueHHbie 3aMenaHHa. 
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